Considering the characteristics of China's high-speed railway network and the allocation structure of Electric Multiple Units (EMUs), the EMUs operation management mode provides an effective technical route for EMUs route planning optimization. To reduce the number of EMUs, key factors such as the EMUs mileage, time limit, maintenance model, maintenance capability, night accommodation capacity, maintenance management mode, and train tasks are considered as constraints. The number of maintenance tasks is also the objective so that the EMUs route planning solution method is more integrated with actual production needs, and an optimization model of EMUs route planning is established to overcome the shortcomings of previous studies that did not sufficiently consider EMUs maintenance. To verify the feasibility and effectiveness of the proposed model and method of the proposed two-stage optimization algorithm based on column generation, a case study on the preparation of EMUs circulation planning for the Beijing-Shanghai high-speed railway network is conducted, and the results are analyzed.
I. INTRODUCTION
The EMUs (Electric Multiple Units) utilization problem studies the management measures that improve the operation efficiency of a high-speed railway by considering EMUs management regulation, train timetable requirement, etc. In addition to considering the modes of EMUs allocation, operation, maintenance, backup and train unit composition, the constraints of the EMUs maintenance mileage, maintenance time interval, EMUs type restrictions, maintenance capability, night accommodation capacity, and train tasks given in a timetable are considered to optimize EMUs utilization efficiency, reasonably exploit the maintenance The associate editor coordinating the review of this manuscript and approving it for publication was Jesus Felez .
capabilities of each EMUs depot, and plan EMUs circulation schemes.
The EMUs circulation plan optimization problem provides EMUs with the train connection schedules and daily maintenance location plans that satisfy the train operation demand and the EMUs maintenance regulations by considering the EMUs allocation and management modes. China's highspeed railway companies have purchased a large number of EMUs. By 2020, the operating mileage of China's high-speed railways is expected to reach more than 30,000 kilometers, and the number of EMUs will exceed 4,500 standard train units. At present, the operating mileage of the high-speed railways has exceeded 25,000 kilometers, the number of EMUSs in use is more than 2,900 standard train units, and approximately 40 EMUs depots are running, which form a rapid railway network, including interregional express railways and VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ intercity railways. The rapid railway network consists of high-speed railway lines that cover cities with a population of more than 500,000. All the passenger trains that operate on high-speed railways use EMUs. Over 4,600 high-speed trains operate every day to transport more than 5 million passengers. These high-speed trains have transported more than 6 billion passengers. The optimization of EMUs utilization should consider not only the train operation demand, EMUs accommodation capacity, maintenance capability, EMUs maintenance regulation and EMUs management mode but also the large size of the solution space of the mathematical model. It is very difficult to conduct a comprehensive optimization of the EMUs utilization problem by simultaneously integrating the optimization problems of the EMUs assignment plan and the high-class maintenance plan. To practically and feasibly study the problem of EMUs operation, first, the EMUs circulation planning problem, which is the core foundation of the entire EMUs utilization problem, is studied, which establishes a good foundation for the follow-up study of the EMUs assignment plan and maintenance plan. Therefore, this paper focuses on the problem of EMUs circulation plan optimization.
II. LITERATURE REVIEW
This section mainly discusses and analyzes the research related to the EMUs utilization optimization problem.
A. OPTIMIZATION STUDY OF EMUs CIRCULATION PLAN CONSIDERING MAINTENANCE
When EMUs circulation schemes are being planned, the maintenance constraint influences the EMUs operating procedures as the EMUs traveled mileage and time cannot be exceeded; this constraint cannot be directly and linearly expressed by common mathematical programming models. A heuristic method or an intelligent optimization algorithm is an effective method to address this constraint [1] - [7] . Zhou et al. (2017) proposed an optimization model to optimize train connection times and maintenance costs and designed an efficient multi-group genetic algorithm to solve it [1] . Lai et al. (2017) put forward an optimization model and a solution algorithm for a problem with the maintenance schedule and constraints of maintenance capability to prepare the train unit routing plan for Taiwan's high-speed railway [2] . Zhong et al. (2019) proposed a heuristic approach to decompose the problem into two main stages that can be iteratively performed to avoid generating all schedules [3] . presented a mathematical model based on a path description that can easily consider and deal with maintenance-related constraints [4] . Lai et al. (2015) considered the problem of locating maintenance facilities in a railway setting. Because of the strategic nature of facility location, the opened facilities should be able to handle the current maintenance demand for any of the scenarios that capture changes such as changes to the line plan and the introduction of new rolling stock types. Several scenarios are allowed in the form of opening additional facilities, closing facilities, and increasing the facility size, and a two-stage robust programming formulation is provided [5] .
B. OPTIMIZATION STUDY OF EMUs CIRCULATION PLAN WITHOUT MAINTENANCE
Without the consideration of maintenance, mathematical programming models based on multi-commodity flow theory can generally be established and can be solved by classic exact algorithms or commercial software [8] - [9] . Valentina et al.
(2012a) studied a train unit assignment problem that considered the need for train seats and proposed two optimization models: one is a linear relaxation problem and introduces an effective inequality, and the other model uses a Lagrangian relaxation method that introduces a local search algorithm to improve the solution until a satisfactory solution is obtained [8] . Valentina et al. (2013) considered passenger demand for train seats, determined vehicle assignments to different train tasks, and performed a Lagrangian relaxation decomposition to quickly obtain high-quality solutions [9] .
In addition, some studies do not consider maintenanceadopted heuristic methods [10] - [17] . Valentina et al. (2010) (2012b) used a step-by-step construction method to generate feasible solutions [10] , [11] . Nishi et al. (2017) proposed a short-term locomotive vehicle turnover plan optimization problem with daily maintenance. This problem is described as several shortest basic circuits to operate all trains, and the designed solution method was combined with a heuristic method, column generation and Lagrangian relaxation [12] . Lin et al. (2016) proposed a branch-and-price algorithm that includes a number of branching strategies that can meet practical applications and can solve large-scale train unit routing problems, which can consider the vehicle matching compatibility limit and the process of coupling and decoupling at some stations [13] . Valentina et al. (2019) considered the train unit assignment problem as a competitive bid process for a train operator to win a contract for providing rolling stock circulation [14] .
C. DISRUPTION MANAGEMENT OF TRAIN UNITS AND EMUs
A railway system often suffers from random damage caused by external factors that interrupt the operation, disturb the operation order of the EMUs circulation plan, and prevent follow-up plans from being implemented smoothly. The circulation plan of EMUs must then be quickly rescheduled according to the actual situation [18] - [26] . Because the occurrence of emergencies has always led to the infeasibility of railway timetables, train unit circulation plans and crew shift plans, introduced empty vehicle transfers during the rescheduling of rolling stock and adjustment of passenger travel demand based on the given operational plans [19] . Kroon et al. (2015) described a real-time rolling stock rescheduling model for the disruption management of passenger railways that considered these dynamic passenger flows, which contrasts with most traditional rolling stock rescheduling models that consider passenger flows either as static or as known input [20] . Veelenturf et al. (2017) described a real-time disruption management approach that integrates the rescheduling of the rolling stock and the timetable by considering the changed passenger demand. The timetable decisions are limited to the additional stops of trains at stations at which they normally would not call [21] .
Usually, a number of train units have a scheduled maintenance appointment during the day, and these appointments must be considered while rescheduling the rolling stock. proposed three mixed-integer programming models for this purpose [22] .
In cases of disruption, the passengers will receive route advice, which they are not required to follow: passengers' route choice depends on the route advice and the timetable information available to them. Simultaneous to providing advice, rolling stock is rescheduled to accommodate the anticipated passenger demand. Van et al. (2018) present an optimization-based algorithm that aims to minimize passenger inconvenience through the provision of route advice and rolling stock rescheduling, where the advice optimization and rolling stock rescheduling modules are supported by a passenger simulation model [23] .
D. COMPREHENSIVE OPTIMIZATION RESEARCH INCORPORATING MULTIPLE-STAGED PLANS
The tendency of integration is very obvious because recent rapid development of computation capacity and modeling technologies has enabled a wide range of possibilities for a systematic integration of different railway planning aspects across decision layers [27] - [30] . Specifically, the multiple components, stakeholders, and interconnected layers of a railway system define many challenges that range from line planning, train timetabling, and railway traffic administration to rolling stock and crew scheduling and train control, including extra aspects that are also vital for a good business, such as passenger satisfaction or maintenance [27] .
Borndorfer et al. (2016) proposed a highly integrated generic hypergraph-based mixed-integer programming model for a rolling stock rotation problem in the context of long-distance passenger traffic between cities and an integrated algorithm for its solution, which can handle train composition, train unit maintenance, infrastructure capacities, and regularity aspects [28] . Haahr et al. (2018) integrated the Rolling Stock Scheduling Problem and the Train Unit Shunting Problem and proposed two similar branch-and-cut-based approaches to solve the integrated problem [29] . studied the integration of train scheduling and rolling stock circulation planning under time-varying passenger demand for an urban rail transit line, where the practical train operation constraints, e.g., the capacity of the trains, the number of available rolling stocks, and the entering/exiting depot operations, are considered. A bendersdecomposition-based heuristic to obtain better and more robust circulations of rolling stock train units is proposed, while accounting for the train routing problem [30] .
Because of the complexity of the EMUs utilization optimization problem and the problem size under network ground, heuristic algorithms or intelligent optimization algorithms are generally used. Although these algorithms can find a satisfactory and feasible solution in a short time, their design and implementation strongly depend on the specific parameter values used in the problem. The solution algorithm is mostly intentionally coded; therefore, the scalability of the algorithm is weak. When the problem changes slightly, the solution algorithm will not be applicable and cannot stably maintain good solution quality.
Compared with existing studies, the potential innovations of our research are as follows.
(1) In this paper, an integer programming model and a two-stage algorithm for EMUs circulation planning based on a path description that considers the complex conditions in China are constructed to improve the adaptability of mathematical models and algorithms to practical problems. Based on existing research, the model is constructed for EMUs route optimization that considers key factors such as the EMUs maintenance mileage, time limit, vehicle maintenance mode, maintenance management mode, maintenance capability, accommodation capacity, and train tasks.
(2) Furthermore, a branch-and-price algorithm based on column generation that can decompose the problem and assign these decomposed problems to different modules of the algorithm is proposed, which effectively reduces the complexity of the algorithm and makes it clear and extensible for studying EMUs route planning. Decomposing the problem into two stages can reduce the difficulty of modeling the problem so that the algorithm can be implemented efficiently in practice when the corresponding algorithm is redesigned.
III. PROBLEM DESCRIPTION A. EMUs MANAGEMENT
Railway transportation operation has considerable complexity. The operational plans of railways are generally generated stage by stage. For passenger railways, from a strategic plan to a micro operational plan, the related operation organizing and planning include railway network planning, train service timetabling, train unit scheduling, crew shift plans, and realtime train dispatching.
A line plan is the basis for a subsequent series of transportation plans. The quality of the line plan directly affects the implementation results of the follow-up plans and plays a decisive role in the transportation organizing procedure. The train timetable is an important input for the preparation of the EMUs circulation plan.
Here, we briefly introduce the EMUs assignment management mode, the EMUs maintenance management mode, and the usage mode of backup EMUs.
1) EMUs ALLOCATION MANAGEMENT
China's EMUs adopt a flexible composition mode including long and short combinations of EMUs. Currently, the following are the three types of high-speed railway trains: 16-unit trains; 8-unit trains; and 8+8-coupled trains. The appropriate train compositions are decided based on the changes in the passenger flow characteristics in different time periods.
2) EMUs MAINTENANCE MANAGEMENT
To maintain a stable maintenance quality and clearly divide the safety responsibility, the maintenance tasks of EMUs are undertaken by their home depots. For a special situation where EMUs cannot return to their home depots within the regulated mileage or time cycle during operation, some maintenance tasks can be performed in other depots.
The maintenance capability of a depot is one of the key factors that affects EMUs utilization efficiency. EMUs maintenance capacity is related to the number of pieces of maintenance equipment, the types of EMUs that can be repaired, and the number of maintenance technicians. Daily maintenance is usually conducted at night.
3) EMUs OPERATION MANAGEMENT
Based on the assignment and maintenance management modes, train task assignment is scheduled by individual railway companies; that is, the EMUs that belong to one company must not be used by other companies.
B. PROBLEM SOLUTION
The EMUs routing problem studied in this paper is obviously suitable for a solution by using multi-commodity flow theory. Many engineering problems are solved by multi-commodity flow theory, especially in the transportation problem field. The purpose of the EMUs routing problem is to establish costoptimal paths for EMUs to cover all train tasks while meeting maintenance and management rules. Compared with a large number of similar studies such as for aircraft scheduling and vehicle routing, the characteristics of the EMUs routing problem are obviously suitable for adopting multi-commodity flow theory.
Based on the abstraction of the EMUs routing problem, the Dantzig-Wolfe (D-W) decomposition principle is used to establish a mathematical model, and a two-stage method is proposed based on a column generation approach. The EMUs routing process is designed to assign train tasks to EMUs in the master problem and to ensure the rational allocation and use of maintenance resources. In this algorithm, the resourceconstrained shortest path theory is used according to the column generation approach to decompose the model. The original problem is divided into a series of pricing subproblems that correspond to each EMU. At the subproblem level, the constraints of a single EMU are considered. The algorithm used in this study is based on progressive column generation to achieve an iterative improvement of the master problem.
The linear relaxation subproblem of the main problem is solved by optimization software based on the resourceconstrained shortest path theory according to the maintenance rules and management rules required. The advantage of an optimization process based on column generation is that the algorithm solution framework has strong scalability.
IV. MATHEMATICAL MODEL A. CONNECTION NETWORK BASED ON THE TRAIN TIMETBALE
As shown in Figure 1 , the connection network is established based on a time-space diagram derived from the train timetable. The connection network is a directed graph that describes the activities involved in the EMUs operation process, where N = T ∪ D is the vertex set and T is a train in the given train timetable, i, j ∈ T . Set D represents depots on the high-speed railway line, where d ∈ D; A = A 0 ∪A 1 ∪A 2 ∪A 3 is the collection of arcs, where A 0 is the collection of train connection arcs, A 1 is the collection of empty vehicles, A 2 is the collection of continuation arcs, and A 3 is the entry arcs. Exit segments are not marked in the figure due to the coincidence of the stations. As shown in Figure 1 , train station 1 serves stations 1 and 2, and train station 3 simultaneously serves stations 3 and 4.
The train trajectory extracted from the train trip line shown in Figure 1 is abstracted as virtual originating and destination nodes, which can be transformed into an abstract connection network, as shown in Figure 2 .
The conditions for the establishment of the various arcs shown in Figure 2 are as follows:
1) The arrival station of train i is the same as the departure station of train j;
2) The arrival time of train i and the departure time of train j meet the requirements of the connection time;
3) The two connected trains use the same EMUs type; and 4) The two connected trains are served by one company. A 0 includes the train connection arcs; if the trains meet conditions 1-4, a train connection arc is established. This type of EMUs connection generally has a short distance, and the traveled mileage can be ignored.
A 1 is a deadheading arc set of trains that cannot meet condition 1 and need a long connection time but can meet conditions 3 and 4 if the connection can be realized by a deadheading transfer within a reasonable distance and time. This limitation is a known constant (in this paper, only deadheading within 30 minutes is considered, and a certain redundancy time is given to ensure feasibility).
A 2 is the night accommodation arc set; if trains i and j meet conditions 1, 3, and 4, after the train tasks are executed, the EMUs need to enter the depot to stay for one night until the next day, and this process will require arranging a track. The destination station and the originating station of a train may be the same, or trains of different stations may be connected, and a resident arc is established, where DIS ij is the travel distance.
A 3 is the set of depot station arcs. Each such arc corresponds to an EMU that is sent from destination station s to depot d, provided that the EMU satisfies the EMUs type restrictions at depot d.
CT ij is calculated by equation (1) as follows:
In equation (1), TSD i is the departure time of the train at station SD i , TSA i is the time when the train arrives at station SA i , and TC is the standard train turnaround time, which comprises the immediate return time of the EMUs and the time needed for compartment cleaning and seat direction adjustment.
Taking Figure 2 as an example, a connection network that is established based on the train timetable includes the various types of arcs described above and explains various activities in the operation process. The legend specifies the specific activities represented by the various arcs. As shown in Figure 2 , trains 1 and 2 serve stations A and B, respectively, to provide the EMUs required for the originating train, and EMU 3 provides the EMUs required for the originating trains from adjacent stations C and D.
By abstracting the trains into customer nodes and the depots into originating and terminating nodes, Figure 2 can be transformed into a description of the multi-depot vehicle routing problem (MDVRP) with multiple stations as the destination. To clearly observe the relationships between the nodes shown in Figure 3 , only a part of the entry and exit arcs are marked in the figure, and to facilitate drawing a transformed schematic diagram, another virtual node is established in the node of the moving train segment. Thus, two nodes correspond to the same depot. 
B. ANALYSIS OF THE MODEL
There are two important optimization objectives in the EMUs circulation planning problem, namely, the number of EMUs used and the number of EMUs maintenance tasks. The purchasing cost of the EMUs is much higher than the cost of maintenance.
Before establishing the model, we first need to define the decision variables. Most previous research is based on using connection arcs to define the decision variables, constructing a nonlinear model, and then using heuristic or intelligent optimization algorithms. Because the general definition form is not applicable to this problem, we use path formulation to model the problem. If the maintenance of EMUs is not considered, the EMUs route planning problem can be solved by multicommodity flow theory. The EMUs maintenance constraints are also referred to as resource constraints and are the most difficult constraints to address in this study. Resource constraints limit the amounts of certain types of resources that are allowed to be consumed along a path. The resource constraints in this problem mainly include two types: the maintenance time cycle and maintenance mileage. For each train node, the cumulative time and mileage of a route from the departure at the origin until the arrival at the destination are limited by EMUs maintenance regulations for the time and mileage. Such constraints that influence a series of train task assignments will result in the destruction of the problem structure that would have been described by the multicommodity flow model. Consequently, the maintenance constraints are unable to be expressed by the connection arc variables.
Through the above analysis, the problem of EMUs route planning can be expressed as a vehicle routing problem. The problem variable is generally defined based on flow variable representation, i.e., an arc in the directed graph. The post-master problem decision variable is expressed as a path variable that corresponds to a path in the graph. According to flow decomposition theory, any model based on arcs can be transformed into a model based on a path formulation. To facilitate modeling the problem and overcome the difficulty of expressing the resource constraints based on the arcs, this study introduces a path formulation, because its related expression satisfies the definition of a path; thus, this study is mainly based on using a path variable to represent the optimization model.
The advantage of a model formulated by a path is that the cumulative constraints of the simulated resource constraints can be conveniently expressed, and some constraints on the routes can be directly translated into the generation of routes. However, the transformation model is large in scale. Since a given connection network can generate a large number of EMUs routes, determining how to effectively generate the required routes is extremely important. Based on a large number of studies, the specific details of the algorithm for this problem are discussed in the dynamic programming algorithm section of the pricing problem.
Ideal EMUs Routes and Real EMUs Routes: This paper uses the following definitions of EMUs routes as the basis for modeling.
Ideal EMUs route: only the train tasks form an ideal EMUS route.
Real EMUs route: various maintenance constraints, the train task nodes, entry and exit activity, and night accommodation compose a real EMUs route.
An ideal EMUs route considers the problem of train connection optimization under ideal conditions, that is, without considering influencing factors such as maintenance, parking, and the entry and exit activity of the EMUs and can be used to solve the lower bound of the number of EMUs. A real EMUs route considers all of the relevant factors that affect EMUs operation.
Based on the network shown in Figure 2 , the two-day cycle can be obtained, as shown in Figure 3 . According to the definition of the ideal EMUs route, an ideal EMUs circulation plan can be obtained, as shown in Figure 4 .
According to the definition of the real EMUs route shown in Figure 4 , taking station 2 as the origin and then operating trains G01 and G02, according to the mileage of the accumulated travel, it is sometimes necessary for a train to immedi- ately be repaired, and then station 1, where the EMU arrives, is the end point, as shown in Figure 5 . If there is no need to arrange for maintenance immediately and maintenance is required after two days, a 2-day real EMUs route can be formed, as shown in Figure 6 .
C. MODEL FORMULATION
The definitions of the sets, parameters, and decision variables used later in this article are presented here.
This section proposes two models: M1 is a model of a set partition of train tasks and is used to calculate the optimal number of EMUs, and M2 is a model formulated by the multi-commodity flow and the known number of EMUs that are used to optimize the EMUs maintenance tasks. The two objectives are optimized and solved in an algorithm with separate stages of solution. The benefit of the phased solution algorithm is that it can decompose the different factors of the problem into different parts.
Objective function (2) is used to solve the minimum number of EMUs N min , where x p ∈ {0, 1} is used to indicate whether an intersection is used by the optimal solution and c p is the cost of the ideal EMUs route, that is, an EMU. Constraint (3) requires each train task to be uniquely covered by an EMUs route. The EMUs route plan optimization model based on the known number of EMUs is M2 Model M2 consists of two parts, namely, the main problem model M2 and a pricing problem model. R is the set of real EMUs routes generated by the pricing problem, where R ⊂ R. In M2, y r only indicates whether a real EMUs route will be used in the optimal route plan. Some important related information, such as the maintenance and residence locations, cannot be expressed by y r ; therefore, a series of auxiliary parameters are associated with y r . α dr and β dr are important parameters whose definitions are given in Table 2 .
The main contribution is to solve the problem based on column generation. The established model based on set partitioning mainly includes the master problem model and the subproblem model. The main problem is that M2 solves the optimal real EMUs routes and the reduced cost. If there is a reduced cost that does not satisfy the problem, the current basis is not optimal, and the optimal solution has not been found. It is then necessary to reselect the base column, and the subproblem specifically needs to continue to generate real EMUs routes that can further improve the master problem. This specific process is the second stage of the algorithm.
The existing number of EMUs is considered to be N min , and N is introduced as the number of adjustable EMUs. This parameter is introduced to temporarily relax the number of EMUs when model M2 is not feasible. The model obtains the minimum number of EMUs required for the practical situation. In addition, because it is not guaranteed that some EMUs will return to the depots, an Euler loop constraint condition is introduced in the model to ensure the necessary connection relationship to form an EMUs turnaround loop. 
1) MASTER PROBLEM MODEL M2
R is the set of real EMUs routes, and y r ∈ {0, 1} indicates whether an intersection will be used in the optimal route plan, where 1 means adopted and 0 means not adopted; the model of the main problem is as follows:
Equation (4) is the objective function, that is, the minimum number of daily EMUs maintenance tasks. After optimizing the number of EMUs in the first stage, we mainly optimized the number of maintenance tasks. Each maintenance task costs tens of thousands of yuan, and hundreds of maintenance tasks are performed every day; thus, the total cost will exceed one hundred million yuan RMB. Constraint (5) requires that each train be covered by only one real EMUs route, and parameter θ ir ∈ {0, 1} indicates whether a real EMUs route covers the train node, where 0 means no and 1 means yes. It ensures that each train is served by only one EMU. If two EMUs run this train simultaneously, it will lead to conflicts in the task allocation plan. Constraint (6) limits the number of EMUs scheduled for maintenance to not exceed the maintenance capacity MC d of the depot, and parameter α dr ∈ {0, 1} indicates whether an EMU is going to depot d for maintenance at the end, where 0 means no and 1 means yes. The maintenance capacity of an EMU depot is limited. You cannot assign more EMUs than the capacity; otherwise, congestion will occur, and if the EMU cannot operate the trains on time, it will need additional EMUs, which results in an unreasonable number of train unit increases. Constraint (7) means that the number of EMUs scheduled to stop at night cannot exceed the night accommodation capacity, and β dr ∈ {0, 1} indicates whether an EMU is going to the depot to stop, where 0 means no and 1 indicates yes. The night stopping capacity of an EMU is limited, and it is not possible to assign an EMUs number that exceeds the capacity; otherwise, the EMU will stop at the stations. The safety of the EMU during the night cannot be guaranteed. The station has no responsibility for the safety management of the EMU. Constraint (8) refers to the maximum number of EMUs that serve as train tasks and here indicates the number of slack EMUs, where N min + N is the number of EMUs required. This is a heuristic constraint for problem solving that helps the model to use and manually adjust the parameters to help analyze the problem. Constraint (9) imposes that the number of EMUs circulated between the entrances and exits is conserved, which ensures the establishment of a continuous EMUs turnaround cycle, where u dr ∈ {0, 1} indicates whether the origin depot is d and v dr ∈ {0, 1} indicates whether the end depot is d.
2) PRICING PROBLEM
Here, the pricing problem is a shortest path problem with elementary constraints and resource constraints. The pricing issues can be described by the following model. For each r, a given depot is the starting point. π i is a dual variable associated with the set partition constraint (5) , and λ d , ρ d , ω d and µ are dual variables that correspond to constraints (6), (7) , (8) , and (9), respectively. For any r, we need to solve the resource-constrained shortest path problem as follows:
Min
In equation (10), RC is the reduced cost calculated from the dual variable values (shadow prices of the resources) for each constraint in the main problem model. Constraint (11) indicates that the train nodes of the network can only be accessed once during the path search. Each train only needs to be operated by one EMU every time. If multiple EMUs are used to run the train, conflicts between EMUs will occur. Constraint (12) limits that EMUs can only return to their assigned sections for maintenance. In the previous problem description, we mentioned that the maintenance management of EMUs is strictly restricted. Constraint condition (13) represents that the accumulated mileage traveled from the end of the last inspection should not exceed the mileage MM specified in the maintenance regulations. For safety, the maintenance task of the EMU is implemented in accordance with safety regulations, and it needs to be repaired immediately after running a certain mileage. Constraint (14) imposes that EMUs should not exceed the maintenance time limit. For safety reasons, not only the limitations of the EMU run mileage but also the run periods need to be considered for immediate maintenance after operation.
An EMU can be repaired at any depot that meets the restrictions of the EMU type. If the restrictions of the EMU maintenance location during the EMU inspection can be ignored, constraint (9) can be replaced by constraint (15) as follows:
V. ALGORITHMS A. FLOWCHART OF THE ALGORITHM
In this paper, the algorithm shown in Figure 7 is used to solve the EMUs routing plan. The algorithm is divided into two stages. The first stage is to generate a set based on the ideal EMUs route and solve it with model M1. The second stage is to solve the EMUs circulation plan for M2 based on the principle of a branch-and-price algorithm. The branchand-price algorithm is divided into two layers. The outer layer is a branch-and-bound tree. The integer programming problem that corresponds to each branch-and-bound node on the branch-and-bound search tree is relaxed, and a branch search is performed to treat the generated fractional solution. The inner layer is column generation, which is the core process that the branch-and-price algorithm needs to use.
B. GENERATION ALGORITHM FOR IDEAL EMU ROUTES
By comparing the definition of a route with the definition of a path in graph theory, it is found that an ideal route is just a special form of the path definition, and their main difference is whether there is a limit on the length of the path.
In considering this similarity with the path definition, this paper proposes a route enumeration algorithm based on the definition of a route to generate routes with a given node as the starting point and to use these routes as the input of model M1 to calculate the optimal route and the number of EMUs used. Condition (Stack(top), j) / ∈ A 3 A3 indicates that the intersection must end at the given time.
The function Findnode determines which nodes have not been visited, and if no unvisited node is found, this function returns null. The function SelectingEdge finds the node where the segment is currently connected and does not exceed the maintenance limit. The time approximation complexity of the algorithm is O( k i=1 w(i)), which shows that the time required for the solution mainly depends on the structure of the connected network, the length limit of the intersection segment, and parameters such as the running mileage and time given by the train. w(i) is the out-degree of the node, and k is the average number of train nodes that need to be accessed when generating the routes.
In the connection network, due to the limited number of train vertices and according to various constraints, a large number of infeasible arcs have been eliminated, and the number of arcs is not large. In addition, the length of the intersection segment is strictly limited. Therefore, the enumeration based on the ideal intersection segment does not have general meaning. It is based on a network with a limited number of vertices and a limited length of the segment, and efficiency is guaranteed.
C. SOLUTION ALGORITHM FOR THE MASTER PROBLEM 1) BRANCH-AND-PRICE ALGORITHM
In this algorithm, the initialization solution of the search tree root node is very important and is the global lower bound, which plays a pivotal role. We must initialize the root node, find the corresponding dual variable value from the initial problem, and pass this value to the pricing subproblem to start the column generation method. In the subsequent branch process, the subsequent child node initialization is relatively simple. Usually, the child node inherits the feasible solutions from the parent node as its initial solution to start calculation. The other key issue with branch algorithms is to develop effective branching strategies. An effective branching strategy should produce a balanced search tree while clipping the fractional solution and maintaining the stable size and depth of the search tree.
The conventional integer programming problem is usually branched based on variables, but this method is not applicable to the branch-and-price algorithm because it will destroy the working process of the entire problem structure and disturb the pricing problem. As mentioned earlier, the branch-andprice method is applied to the linear relaxation of the main problem of a node, and the main problem variable often corresponds to a solution of a node, and the main problem variable often corresponds to a solution of the subsystem, which is a Boolean variable. The pricing problem is only used to determine the optimal solution of a subsystem. The pricing problem does not pay attention to any restrictions taken in the main problem. The pricing problem is still solved according to the set optimization algorithm, which has no effect on the pricing issue. Additionally, deleting a column is the only requirement for the values of the variables of the main problem, which does not contain any qualified information on the value of the pricing problem variable. In the pricing problem, the optimal basis of the linear relaxation just from the main problem deleted in the column is likely to produce a reduced cost with a value less than 0, which is selected again in the base column. The lack of an intermediate coordination mechanism between the main problem and the pricing problem causes the column generation process to fall into a degenerate state, and a final integer solution cannot be obtained.
To overcome this problem, some researchers have developed other branching strategies. The vehicle routing problem variable is usually defined on the arc o and is usually called a flow variable; a main problem variable decomposed by the D-W principle corresponds to the graph of a path and is called a path variable. Branching the flow variable instead of a path variable can make up for the abovementioned deficiencies caused by the branching of the main problem variables and decompose the original problem solution space into two parts that are relatively balanced, and some of the variables are prohibited from passing through the arc on the directed graph. The other part of the path on the directed graph forces the path to pass from the arc, and the measure has a reducing effect on the pricing problem search space.
2) SOLVING THE MASTER MODEL
In this paper, the master problem is first linearly relaxed, and then, the linear relaxation model of the main problem is solved by CPLEX. The master problem is initialized with the identity matrix with a large penalty to start the calculation. After linear relaxation, the node-branching and node selection strategies are applied according to the solution until the optimal integer solution is obtained.
D. PRICING SUBPROBLEMS
This part is the core part of the column generation method, which is an important process for real EMU routes. This paper uses a dynamic programming algorithm to solve the problem.
If the resource constraints are ignored, the problem is a common shortest path problem that can be solved quickly in polynomial time, but the emergence of resource constraints directly causes the problem to become an NP-hard problem. Consequently, this resource-constrained shortest path problem is generally solved by dynamic programming algorithms in many references. The advantage of using a dynamic programming algorithm is that its state definition is equivalent to an open container that can flexibly consider multiple targets, and the algorithm can accommodate a variety of different complex constraints in the solution process, judge each condition in each step of the extended solution process and solve multiple targets simultaneously.
L (i) is a set of valid labels of vertex i, l i = (RC i , AD i , AT i , P i ), and represents a real EMU route r from the starting node to vertex i. H is the number of valid labels that can be stored and can be dynamically adjusted to meet the needs of optimization and the constraints. However, the solving time increases as parameter H increases.
Feasibility Definition of Labels:
A real EMUs route (or label) is feasible. When the conditions AT i ≤ MT and AD i ≤ ML are met, i ∈ NS (r), where NS(r) is the set of train vertices included in the real EMU route. AT i is the time interval from the last maintenance to node i of the EMU home depot, and AD i is the mileage of the EMUs from the last maintenance to node i.
To avoid enumerating all feasible labels, a dominant criterion is introduced below, and the labels that cannot be expanded into the optimal labels are discarded in advance.
The Dominant Rule Definition:
are the two valid labels of the vertex, and there are the following inequalities:
If at least one inequality is strictly satisfied, label l 1 i is better than l 2 i . The list LN is used to store the nodes with labels that need to be extended. The functio Extend(l h i , j) extends the feasible label lj from the outgoing arcs to node j according to the resource constraint. If label l j is not feasible, the function will not return any result. The functions START(r) and ARRIVE(r) are used to obtain the start and end nodes of route r, respectively.
The following rules control the label stop expansion in different management modes.
1) When an EMU has to return to its home depot, li extends to the depot node j, and START(r) == ARRIVE(r) == j, lj stops expanding. Otherwise, lj is deleted.
2) When an EMU can undergo maintenance at any depot, li extends to a depot node j. If j is a depot node that can provide appropriate maintenance services, lj stops expanding. Otherwise, lj is deleted.
E. NODE SELECTION AND THE NODE BRANCHING METHOD 1) NODE SELECTION STRATEGY
At the beginning, a depth-first strategy is used to select a node until a feasible solution is found. Then, according to this feasible solution, the branch-and-price search tree is pruned. Next, the algorithm will use the optimal-bound-first strategy to select the most suitable node for calculation and repeatedly use the node selection strategy to accelerate the branch solution process.
2) BRANCH METHOD
When we establish a connection network, it is formed by splicing a plurality of subnets, and branch operations are performed inside each subnet without affecting one another. With this feature, a batch of arcs can be deleted in each branch process. The batch treatment of branch arcs in the network greatly improves efficiency. When the solution obtained by a node is not an integer solution, the calculated Ru * optimal intersection can be used to determine which key nodes lead to the generation of non-integer solutions, because the key nodes are associated with a series of arcs that will cause different real EMUs routes to simultaneously access certain train nodes. As long as these nodes and the arc that causes the conflict are identified, the conflicting arc will be deleted, the search space can be effectively decomposed, and a column that is not an integer solution can be correspondingly deleted in the model. For each node TN u , if the solution to TN u is a non-integer, Ru * will be used to determine the key nodes that are simultaneously accessed by different segments. The function
Determine_branch_arcs is responsible for determining the branch arcs that may need to be processed. These arcs will be deleted or reserved on the connected network of the child nodes. Finally, the newly produced child nodes are added to the branch-and-price tree.
To improve efficiency, by referring to the characteristics of China's high-speed train operations and the EMU circulation planning, for some long-travel EMUs routes, the connections between some trains can be fixed in advance. The EMUs that meet the requirements can be used to remove redundant, unnecessary train connection arcs, and this approach can quickly reduce the size of the train connection network after several iterations.
The function Nodeget obtains all the train nodes of EMUs route r. If the solution of node TN u is a fraction, the function Create creates a new child node for node TN u to prepare for the next branching process.
The introduced branching method is a method for the batch processing of branch arcs, and this method improves the branching efficiency by simultaneously retaining and deleting a batch of arcs at the child tree nodes.
VI. CASE STUDY A. ILLUSTRATIVE CAS 1) EMUs CIRCULATION PLAN IN A CONVENTIONAL MODE
The specific train information of the given illustrative case is shown in Table 10 . According to Table 10 , when planning the EMUs circulation plan, we do not consider the maintenance capacity limit and vehicle type restrictions of each application. However, EMUs maintenance must be performed at home depots, and the EMUs travel distance and time cannot exceed 4,400 km and 48 h, respectively. Figure 8 shows the train's time-space diagram from the train timetable. Figure 8 illustrates the change in the position of the train over time. The abscissa is the time, the ordinate is the train space position, and the location of the station and the positions of the trains are also shown in the figure. A, B and C are high-speed railway stations, and depots 1, 2 and 3 provide the needed EMUs and EMUs maintenance services and correspond to stations A, B and C, respectively. The train tasks assigned to each of the EMUs shown in Figure 9 are converted into the diagram shown in Figure 10 , where each row is an EMU, the vertical axis is the EMUs index, and the abscissa is time. This figure shows that the connection among the trains is optimal and ensures that the minimum number of EMUs is used to cover the given trains. Because it can be directly seen from this simple picture, it is easy to verify from the point of view of any train that although the trains can be adjusted, it is not possible to obtain a better connection relationship to reduce the number of EMUs used.
2) EMUs CIRCULATION IN THE COLLABORATIVE MAINTENANCE MODE
In the above case, it is easy to return to the home depot for maintenance under the given distance conditions, and maintenance is not needed at other depots. We redesign the cases to make the trains travel farther away, then schedule the EMUs route plan, as shown in Table 11 , and impose the constraint that depot 3 only undertakes the maintenance of certain EMUs.
An EMU circulation plan that allows for collaborative maintenance is constructed. The specific process is shown in Figure 11 . An EMU departs from depot 3 and undergoes maintenance at depot 1, and the next day, after completing the train tasks given in the route, the EMU returns to its home depot. By liberalizing the maintenance location restrictions, more route combinations can be created to provide more optimization options for practical problems.
B. REAL-WORLD CASE STUDY
We select the Beijing-Shanghai high-speed railway as a case study. According to the proposed theory and method, this section systematically develops a practical case study to verify the validity of the model and the optimization method and analyzes the impact of different management measures and optimization theory methods on the efficiency of EMUs.
The Beijing-Shanghai high-speed railway is an important part at the core of the high-speed railway network. The use and maintenance of EMUs in the Beijing-Shanghai highspeed railway involves a number of EMUs, and there are many types of EMUs in use. The railway line layout is shown in Figure 14 . Eleven depots directly provide the relevant EMUs maintenance services. Table 12 shows the high-speed rail stations and associated vehicles served by the main train depots.
C. OPTIMIZATION RESULTS
The Beijing-Shanghai high-speed railway is selected as the research case to study the EMU circulation planning in different modes, such as EMUs inspection in the home depot mode, collaborative maintenance mode, and 5,000-km maintenance mileage. The case includes 406 trains for a certain year as the input.
The case returned the different effects of maintenance and collaborative maintenance to improve the mileage limit of the first-level maintenance cycle and provided a quantitative basis for optimizing the maintenance mode to improve the efficiency of the EMUs.
A relatively high proportion of medium to long range highspeed trains travel 1,000-2,000 km. The first-level maintenance period is basically 4,000 km/48 h, which restricts EMUs circulation. According to statistics, the average daily travel of a Beijing-Shanghai high-speed train EMU is 2,500-3,500 km. The impact of a higher mileage limit on improving the efficiency of EMUs needs a quantitative analysis. EMUs route planning under a 5,000-km maintenance mileage is introduced as the third mode to be analyzed.
1) OPTIMIZATION RESULTS OF THE NUMBER OF EMUs
The calculation results in Table 14 show the number of EMUs required in different maintenance modes.
The case study requires a minimum of 169 EMUs in the conventional mode, collaborative maintenance mode and 5,000-km maintenance mileage limitation mode. According to the needs, the distribution of the configuration of the EMUs will change. The EMUs circulation plan is mainly affected by the train timetable structure. At present, China's highspeed trains exhibit the characteristics of long-, mediumand short-distance trains with low density, and train arrival and running times are concentrated at certain times, which results in a large number of trains that need to arrange EMUs simultaneously.
2) OPTIMIZATION RESULTS OF EMUs MAINTENANCE TASKS
In this section, we analyze the overall maintenance tasks and situations of the average maintenance mileage changes in different maintenance modes. A comparison of the number of maintenance tasks in the plans is shown in Table 14 . Compared with the existing circulation plan, the total maintenance tasks are gradually reduced through optimization; in particular, under the condition of 5,000 km, the total number of these tasks dropped to 97, a decrease of 29.7%, which shows that the collaborative mode can effectively reduce the number of maintenance tasks.
As shown in Table 15 , the average maintenance mileage gradually improves; under the condition of 5,000 km, the index further improves. In the networked mode, the EMUs maintenance resource sharing mode is beneficial to improve the efficiency of the EMUs. The reason is that when the number of maintenance tasks is reduced with the relaxation of maintenance management restrictions, the problem's train combination space continues to increase, and trains can form better routing plans. When the maintenance restrictions are relaxed, more connections can be used between trains, and when increasingly more feasible solutions are reproduced, the variables of the solutions will increase accordingly. In the end, we can find more suitable and flexible routing plans to make the problem obtain a better solution, thereby reducing the cost of EMUs operations.
(2) An analysis of the EMUs maintenance tasks in Figure 15 shows the number of maintenance tasks in the different plans. As the mileage limit increases, most of the maintenance tasks undertaken by the depots tend to decrease. (3) An analysis of the maintenance task changes in different maintenance modes in Table 16 shows that the number of maintenance tasks for the different travel mileage ranges of an EMU as a percentage of the total number of maintenance tasks. In the different maintenance modes, maintenance is mostly conducted within 2,000-3,000 km, which accounts for more than 60% of the total maintenance tasks. Most of the plans are scheduled to have a maintenance task every day. Under the condition of a 5,000-km maintenance mileage, the number of maintenance tasks is greatly reduced, and the EMUs are mainly maintained once every two days. This result indicates that increasing the maintenance mileage limit is effective. When different EMUs maintenance modes and more flexible connection modes are considered, taking the Beijing-Shanghai high-speed railway as a case study, different EMUs circulation plans in the three maintenance modes of the home depot mode, collaborative mode and improved mileage mode are generated by the proposed method. Due to the limited number of EMUs and based on the given train timetable with a fixed structure under large-scale network conditions, the possibility for the further optimization of the number of EMUs is limited, but the number of maintenance tasks can be reduced by optimizing the maintenance mode. The collaborative maintenance mode for this real-world case can reduce the EMUs maintenance tasks by 10.1%, and collaborative maintenance with the maintenance mileage improved to 5,000 km can reduce the maintenance work by 29.7%, which can greatly reduce the maintenance costs, release a large amount of time used for maintenance, and can offer favorable conditions for improving the efficiency of EMUs. Through an actual case analysis, it is found that the most critical constraint in the model proposed in this research is the mileage limit of the EMUs, because the experiments show that this constraint not only affects the maintenance cost but also has a great impact on the solution time, which will increase several times. If the actual maintenance mileage increases in the future, there may be the possibility of not finding the optimal solution smoothly within a reasonable time.
VII. CONCLUSION
By combining the current EMUs resource allocation conditions and management modes of China's high-speed railway system, this paper constructs a train connection network that considers various practical operation management measures based on considerations such as breaking through the restrictions of a maintenance management system, introducing a collaborative maintenance mode and extending the mileage limit.
Regarding the minimum number of EMUs and the number of maintenance tasks as objectives, we consider the constraints of the maintenance mode, maintenance capability, and flexible EMUs route optimization to model the problem, and an optimization algorithm based on a two-stage concept is proposed. A multi-commodity flow problem model with side constraints is proposed in which the first stage is an ideal EMUs route generation algorithm, and the second stage is a branch-and-price algorithm. This method realizes an EMUs circulation plan that considers the return of the EMUs for maintenance and collaborative maintenance and increasing the mileage limit of the first-level maintenance cycle to optimize the preparation of the EMUs circulation.
Through an analysis of the case of the high-speed railway network associated with the Beijing-Shanghai high-speed railway, the management mode proposed by this research is explained. The mathematical modeling and optimization method for the current EMUs circulation planning problem proposed in this paper are systematically analyzed.
Through a statistical analysis, the results show that the main objectives of the case study are improved to some extent, and the case study verifies the effectiveness of the method.
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